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We are concerned with the following quasilinear Choquard equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$\Gamma(\cdot)$\end{document}$ stands for a standard Gamma function. The Choquard equation was also introduced by Choquard in 1976 in the modeling of a one-component plasma \[[@CR1]\]. It seems to originate from the Frohlich and Pekarí's model of the polaron, which is a quasiparticle used in condensed matter physics to understand the interactions between electrons and atoms in a solid material \[[@CR2], [@CR3]\]. This equation is also known as the Schrödinger--Newton equation in models coupling the Schrödinger equation of quantum physics together with relativistic or nonrelativistic Newtonian gravity \[[@CR4], [@CR5]\]. Thus, they have become very significant in physics (see \[[@CR6]\] for a review paper).

For this reason, many researchers have extensively studied the Choquard type equation in various ways; see \[[@CR7]--[@CR18]\] and the references therein.

Recently, the authors \[[@CR19]\] dealt with the existence of positive solutions to the problem ([P](#Equ1){ref-type=""}) on the whole space $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(t)=\int_{0}^{t}f(s) \,ds$\end{document}$. It is well known that the (AR)-condition is quite natural and important not only to ensure that an Euler--Lagrangian functional has the mountain pass geometry, but also to guarantee that the Palais--Smale sequences of the functional are bounded. However, this condition is very restrictive and eliminates many nonlinearities. Thus, many researchers have tried to drop the (AR)-condition for elliptic equations involving the *p*-Laplacian; see e.g. \[[@CR21]--[@CR24]\].

The purpose of this paper is to study the existence of weak solutions for the problem ([P](#Equ1){ref-type=""}) without the (AR)-condition as observing various assumptions for the nonlinear term *f* compare to result in \[[@CR19]\]. In particular, following Remark 1.8 in \[[@CR21]\], there are many examples which do not fulfill the condition of *f* given in \[[@CR22], [@CR23], [@CR25]\]. On the other hand, in the case of the whole space $\documentclass[12pt]{minimal}
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                \begin{document}$(S_{+})$\end{document}$ type operator with this uniform estimate gives a lot of help when we choose Cerami sequences. Second, we show the multiplicity of weak solutions to the quasilinear Choquard equation ([P](#Equ1){ref-type=""}) via the fountain theorem to obtain the infinitely many weak solutions. Third, we establish the existence of a sequence of weak solutions for the problem ([P](#Equ1){ref-type=""}) converging to zero to obtain the $\documentclass[12pt]{minimal}
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                \begin{document}$L^{\infty}$\end{document}$-bound of weak solutions to the problem ([P](#Equ1){ref-type=""}) based on an iteration method. To the best of our knowledge, there were no such existence results for our problem in this situation.

Preliminaries {#Sec2}
=============
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                \begin{document}$$X:= \biggl\{ u\in W^{1,p}\bigl({\mathbb {R}}^{N}\bigr):{ \int_{\mathbb {R}^{N}} { \vert \nabla u \vert ^{p} \,dx + \int_{\mathbb {R}^{N}}{V(x) \vert u \vert ^{p}}} \,dx}< \infty \biggr\} . $$\end{document}$$ Then *X* is a reflexive separable Banach space with the norm $$\documentclass[12pt]{minimal}
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We recall the well-known embedding results in \[[@CR21], Lemma 2.1\]; see also \[[@CR26]\].
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Throughout this paper, let *X* be the completion of $\documentclass[12pt]{minimal}
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We suppose that the following assumptions hold: $\documentclass[12pt]{minimal}
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To comment on the assumptions about the nonlinearity *f*, we would like to recall an important inequality due to \[[@CR1]\].
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According to similar arguments in \[[@CR27], Theorem 4.1\], the following lemma is easily checked, and thus we omit the proof. That is, the operator $\documentclass[12pt]{minimal}
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Lemma 2.3 {#FPar3}
---------
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In our setting, we need the following lemma according to a similar argument in \[[@CR29], Lemma 3.2\]. We give a detailed proof for the convenience of the reader.

Lemma 2.4 {#FPar4}
---------
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Proof {#FPar5}
-----

See the Appendix. □

Existence of weak solutions {#Sec3}
===========================

In this section, we shall give the proof of the existence of nontrivial weak solutions for the problem ([P](#Equ1){ref-type=""}), by applying the mountain pass theorem and the fountain theorem.

With the aid of Lemmas [2.3](#FPar3){ref-type="sec"} and [2.4](#FPar4){ref-type="sec"}, we prove that the energy functional $\documentclass[12pt]{minimal}
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Before investigating a crucial lemma, we note that following \[[@CR19]\], there exists $\documentclass[12pt]{minimal}
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Existence of weak solutions: approach to the mountain pass theorem {#Sec4}
------------------------------------------------------------------

We give the following result to show that the energy functional $\documentclass[12pt]{minimal}
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### Lemma 3.2 {#FPar8}
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Using Lemma [3.2](#FPar8){ref-type="sec"}, we prove the existence of a nontrivial weak solution for our problem under the assumptions.
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Existence of a sequence of weak solutions: approach to the fountain theorem {#Sec5}
---------------------------------------------------------------------------
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Existence of a sequence of weak solutions converging to zero {#Sec6}
------------------------------------------------------------

Now, we deal with the existence of a sequence of weak solutions converging to zero for the problem ([P](#Equ1){ref-type=""}). First of all, we need the following additional assumptions for *f*: (F7)$\documentclass[12pt]{minimal}
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From the assumptions above, we show the existence of a sequence of solutions for the problem ([P](#Equ1){ref-type=""}) converging to zero in the $\documentclass[12pt]{minimal}
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### Proposition 3.6 {#FPar15}

*Assume that* (V) *and* (F1)*--*(F2) *hold*. *If* *u* *is a weak solution of the problem* ([P](#Equ1){ref-type=""}), *then* $\documentclass[12pt]{minimal}
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### Proof {#FPar16}

The proof is given in the Appendix. □

The following lemma is quoted from \[[@CR34]\].

### Lemma 3.7 {#FPar17}
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The following lemmas are quoted from \[[@CR28], [@CR35]\].

### Lemma 3.8 {#FPar18}
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### Lemma 3.9 {#FPar19}
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### Proof {#FPar20}
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Now, for convenience of the reader, we prove the following result using Proposition [3.6](#FPar15){ref-type="sec"} and Lemmas [3.7](#FPar17){ref-type="sec"} and [3.9](#FPar19){ref-type="sec"} (see e.g. \[[@CR35], pp. 18--21\]).

### Theorem 3.10 {#FPar21}
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Conclusion {#Sec7}
==========

In this paper, we obtain the existence of nontrivial weak solutions for a quasilinear Choquard equation on the whole space $\documentclass[12pt]{minimal}
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Appendix {#Sec8}
========

In this section, we give proofs of Lemma [2.4](#FPar4){ref-type="sec"} and Proposition [3.6](#FPar15){ref-type="sec"} for the reader's convenience. In fact, these are well-known results in this area.

A.1 Proof of Lemma [2.4](#FPar4){ref-type="sec"} {#Sec9}
------------------------------------------------

### Proof {#FPar23}
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A.2 Proof of Proposition [3.6](#FPar15){ref-type="sec"} {#Sec10}
-------------------------------------------------------

Following \[[@CR36]\], we give the proof of Proposition [3.6](#FPar15){ref-type="sec"}.

### Proof {#FPar24}
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